Chapter 8 Linear Programming

Answer 1

(a)

	
	M
	F

	Contribution per unit
	$96
	$110

	Litres of material P required
	8
	10

	Contribution per litre of material P
	$12
	$11

	Ranking
	1
	2

	Production/sales (units)
	1,000
	2,325

	
	[1.5]
	[1.5]


31,250 litres of P less (1,000 x 8) for M = 23,250 litres for F giving a total production of 2,325 units (23,250/10).

(b)

	
	M
	F
	Total
	Marks

	
	($000)
	($000)
	($000)
	

	Sales
	200
	488.250
	688.250
	[1]

	Variable costs:
	
	
	
	

	Material P
	20
	58.125
	78.125
	

	Material Q
	40
	46.500
	86.500
	

	Direct labour
	28
	81.375
	109.375
	

	Overhead
	16
	46.500
	62.500
	

	
	104
	232.500
	336.500
	[2]

	
	
	
	
	

	Contribution
	96
	255.750
	351.750
	

	Fixed costs $(150,000 + 57,750)
	
	
	207.750
	[1]

	Profit
	
	
	144.000
	[4]


(c)

Let M = number of units of M produced for period 1

F = number of units of F produced for period 1

Z = total contribution

Maximize Z = 96M + 110F (product contributions) subject to: [0.5]

8M + 10F ≦
31,250 (material P constraint) [0.5]

10M + 5F ≦
20,000 (material Q constraint) [0.5]

4M + 5F ≦
17,500 (direct labour constraint) [0.5]

M ≦
1,000 (maximum demand for M) [0.5]

F ≦
3,000 (maximum demand for F) [0.5]

The above constraints are plotted on the graph shown in the following figure:
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[3 marks]

Material P; Line from M = 3,906.25, F = 0 to F = 3,125, M = 0

Material Q; Line from M = 2,000, F = 0 to F = 4,000, M = 0

Direct labour; Line from M = 4,375, F = 0 to F = 3,500, M = 0

Sales demand of M; Line from M = 1,000

Sales demand of F; Line from F = 3,000

The optimal solution occurs where the lines in the above Figure intersect for material P and Q constraints. The point can be determined from the graph or mathematically as follows:

8M + 10F = 31,250 (material P constraint)

10M + 5F = 20,000 (material Q constraint)

multiplying the first equation by 1 and the second equation by 2:

8M + 10F = 31,250

20M + 10F = 40,000

subtracting –12M = – 8,750

M = 729.166

Substituting for M in the first equation:

8(729.166) + 10F = 31,250

F = 2,541.667

[1 mark for the answers of M and F]

(d)

	
	
	$

	Contribution:
	(729 units of M at $96)
	69,984

	
	(2,542 units of F at $110)
	279,620

	
	
	349,604

	Less: fixed costs
	
	207,750

	Profit
	
	141,854



[2 marks]

(e)

Moving from the solution in (c) where the lines intersect as a result of obtaining an additional litre of material Q gives the following revised equations:

8M + 10F = 31 250 (material P constraint)

10M + 5F = 20 001 (material Q constraint) [1 mark]

The values of M and F when the above equations are solved are 729.333 and 2,541.533. Therefore, M is increased by 0.167 units and F is reduced by 0.134 units giving an additional total contribution of $1.292 [0.167 × $96) – (0.134 × $110)] per additional litre of Q. Therefore the shadow price of Q is $1.292 per litre. [3 marks]

Answer 2
(a)

Let X = number of units of XL produced each week

Y = number of units of YM produced each week

Z = total contribution

The linear programming model is:

Maximize Z = 40X + 30Y (product contributions) subject to

4X + 4Y ≦ 120 (materials constraint)

4X + 2Y ≦ 100 (labour constraint)

X + 2Y ≦ 50 (plating constraint)

X, Y ≧ 0

The above constraints are plotted on the following Figure. The optimum output is at point C on the graph, indicating that 20 units of XL and 10 units of YM should be produced. The optimum output can be determined exactly by solving the simultaneous equations for the constraints that intersect at point C:
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4X + 4Y = 120

4X + 2Y = 100

Subtracting 2Y = 20

Y = 10

X = 20

The maximum weekly profit is:

(20 x $40) + (10 x $30) – $700 fixed costs = $400

(b)

The present objective function is 40X + 30Y and the gradient of this line is –40/30. If the selling price of YM were increased, the contribution of YM would increase and the gradient of the line (–40/30) would decrease. The current optimal point is C because the gradient of the objective function line is greater than the gradient of the line for the constraint of materials (the line on which the optimal point C falls). If the gradient of the objective function line were equal to the gradient of the line for the materials constraint, the optimal solution would be any point on FC. The gradient for the materials constraint line is –1. If the gradient for the objective function line were less than –1, the optimal solution would change from point C to point B. The gradient of the line for the current objective function of 40X + 30Y will be greater than –1 as long as the contribution from YM is less than $40. If the contribution from YM is $40 or more, the optimum solution will change. Therefore the maximum selling price for YM is $190 ($150 variable cost + $40 contribution).

(c)

If plating time can be sold for $16 per hour then any hour devoted to XLs and YMs loses $16 sales revenue. The relevant cost per plating hour is now $16 opportunity cost. The contributions used in the objective function should be changed to reflect this opportunity cost. The contribution should be reduced by $4 (1 hour at $16 – $12) for XL and by $8 (2 hours at $16 – $12) for YL. The revised objective function is:

Z = 36X + 22Y

(d)

The scarce resources are materials and labour. This is because these two constraints intersect at the optimal point C. Plating is not a scarce resource, and the shadow price is zero.

If we obtain an additional unit of materials the revised constraints will be:

4X + 4Y = 121 (materials)

4X + 2Y = 100 (labour)

The values of X and Y when the above equations are solved at 10.5 for Y and 19.75 for X. Therefore YM is increased by 0.5 units and XL is reduced by 0.25 units and the change in contribution will be as follows:

	
	$

	Increase in contribution of YM (0.5 x $30)
	15

	Decrease in contribution of XL (0.25 x $40)
	10

	Increase in contribution (shadow price)
	5


If we obtain one additional labour hour, the revised constraints will be:

4X + 4Y = 120(materials)

4X + 2Y = 101 (labour)

The values of X and Y when the above equations are solved are 9.5 for Y and 20.5 for X. Therefore XL is increased by 0.5 units and YM is reduced by 0.5 units, and the change in contribution will be as follows:

	
	$

	Increase in contribution of XL (0.5 x $40)
	20

	Decrease in contribution of YM (0.5 x $30)
	15

	Increase in contribution (shadow price)
	5


The relevant cost of resources used in producing ZN consists of the acquisition cost plus the shadow price (opportunity cost). The relevant cost calculation is:

	
	$

	Material A [5 kg at ($10 + $5)]
	75

	Labour [5 hours at ($8 + $5)
	65

	Plating (1 hour at $12)
	12

	Other variable costs
	90

	
	242


The selling price is less than the relevant cost. Therefore product ZN is not a profitable addition to the product range.

(e)

The shadow price of labour is $5 per hour. Therefore the company should be prepared to pay up to $5 in excess of the current rate of $8 in order to remove the constraint. An overtime payment involves an extra $4 per hour, and therefore overtime working is worthwhile.

Increasing direct labour hours will result in the labour constraint shifting to the right. However, when the labour constraint line reaches point E, further increases in labour will not enable output to be expanded (this is because other constraints will be binding). The new optimal product mix will be at point E, with an output of 30 units of XL and zero of YM. This product mix requires 120 hours (30 x 4 hrs). Therefore 120 labour hours will be worked each week. Note that profit will increase by $20 [20 x ($5 – $4)].

Answer 3

(a)

Define variables

Let x = the number of X produced

Let y = the number of Y produced

Establish objective function

The objective is to minimize total production cost (C). The production cost of X = $100 and the production cost of Y = $80 (given in the question). The objective is to:

Minimize C = 100x + 80y

Establish constraints

(i)
x + y ≥ 100 (minimum production requirement)

(ii)
y ≤ 2x (production ratio constraint)

(iii)
x ≤ 2y (production ratio constraint)

(iv)
3x + 2y ≤ 420 (plating resources constraint)

(v)
4x + 8y ≤ 800 (circuitry resources constraint)

(vi)
x/3 + 2y/15 ≤ 34 (or 20x + 8y ≤ 34 × 60) (assembly resources constraint)

Graph the problem

For each of the constraint equations, turn the inequality sign into an equals sign, set x and then y equal to 0 and solve the resulting equations to find the points at which the constraints cross the axes.

Equation (i)

	x
	0
	100

	y
	100
	0


Equation (ii)

	x
	0
	50

	y
	0
	100


Equation (iii)

	x
	0
	200

	y
	0
	100


Equation (iv)

	x
	0
	140

	y
	210
	0


Equation (v)

	x
	0
	200

	y
	100
	0


Equation (vi)

	x
	0
	102

	y
	255
	0
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Define feasible area

Label the feasible area on the graph. It gives a feasible area of ABCDE.

Determine optional solution

C = 100x + 80y

8,000 = 100x + 80y (say)

	x
	0
	80

	y
	100
	0


The objective is to minimize costs. If we put a ruler on the objective function on the graph and slide it across the page, the first point of the feasible area it encounters (i.e. as close to the origin as possible) is the optimal solution. This can be seen to be point B, the intersection of constraints (i) and (ii).

At B:

x + y = 100
(1)

y = 2x
(2)

Sub (2) into (1),

x +2x = 100,

3x = 100

x = 33 1/3
y = 66 2/3

Answer 4
(a)
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(b)
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(c)
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(d)
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