F9 Financial Management

Chapter 3 Time Value of Money
	LEARNING OBJECTIVES

1.1
Explain the concept of the time value of money.

1.2
Calculate the future value of a sum by compounding.

1.3
Calculate the present value (PV) of a single sum using formula.

1.4
Calculate the PV of a single sum using discount tables.

1.5
Calculate the PV of an annuity using formula.

1.6
Calculate the PV of an annuity using annuity tables.

1.7
Calculate the PV of a perpetuity using formula.
1.8
Calculate the annual percentage rate (APR) or effective annual rate (EAR).
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1.
The Time Value of Money

1.1
Why money has time value?

1.1.1
Money received today is worth more than the same sum received in the future, i.e. it has a time value.

1.1.2
This occurs for three reasons:

(a)
potential for earning interest (cost of finance)

(b)
impact of inflation

(c)
effect of risk.

1.2
Compounding
	1.2.1
	EXAMPLE 1

	
	An investment of $100 is to be made today. What is the value of the investment after two years if the interest rate is 10%?

Solution:

The formula for calculating the future value (FV) of a sum is:

FV = P × (1 + r)n
FV = $100 × (1 + 10%)2 = $121


1.2.2
Sometimes financial transactions take place on the basis that interest will be calculated more frequently than once a year.
	1.2.3
	EXAMPLE 2

	
	If you put $100 in a bank account earning 12% per annum, then your return after one year is:

FV = $100 × (1 + 12%) = $112

If the interest is compounded semi-annually, then your return after one year is: FV = $100 × (1 + 12%/2)2 = $112.36

If the interest is compounded quarterly, then

FV = $100 × (1 + 12%/4)4 = $112.55

If the interest is compounded daily, then

FV = $100 × (1 + 12%/365)365 = $112.75


	Question 1

	If $100 is deposited in a bank account that compounds interest quarterly and the nominal return per year is 12%, how much will be in the account after eight years?


	Solution:




1.3
Continuous compounding
1.3.1
If the compounding frequency is taken to the limit we say that there is continuous compounding. When the number of compounding periods approaches infinity the future value is found by
FV = P × ein
Where e is the value of the exponential function. This is set as 2.71828.

	1.3.2
	EXAMPLE 3

	
	The future value of $100 deposited in a bank paying 12% nominal compounded continuously after eight years is:

$100 × 2.718280.12x8 = $261.17


1.4
Present values
1.4.1
Present value (PV) is the cash equivalent now of a sum of money receivable or payable at a stated future date, discounted at a specified rate of return.
1.4.2
Discounting starts with the future value, and converts a future value to a present value.

	1.4.3
	EXAMPLE 4

	
	If a company expects to earn a (compound) rate of return of 10% on investments, how much would it need to invest now to have the following investments?

(a)
$11,000 after 1 year

(b)
$12,100 after 2 years

(c)
$13,310 after 3 years

Solution:

The discounting formula to calculate the present value of a future sum of money at the end of n time periods is:
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(c)

[image: image5.wmf]000

,

10

$

%)

10

1

(

1

310

,

13

$

3

3

=

+

´

=

PV




1.5
Determining the investment period
1.5.1
Rearranging the standard equation so that we can find n (the number of years of the investment), we create the following equation:
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	1.5.2
	EXAMPLE 5

	
	How many years does it take for $10 to grow to $17.62 when the interest rate is 12%?

Solution:
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1.6
Annuities
1.6.1
Quite often there is not just one payment at the end of a certain number of years. There can be a series of identical payments made over a period of years. For example, $100 paid at the end of each of the next years is a 3-year annuity.
1.6.2
If payments occur at the end of each period, then we have an ordinary (or deferred) annuity. Payments on mortgages, car loans, and student loans are examples of ordinary annuities.

1.6.3
If the payments are made at the beginning of each period, then we have an annuity due. Rental payments for an apartment, life insurance premiums, and lottery payoffs are examples of annuities due.

	1.6.4
	EXAMPLE 6

	
	Here are the time lines for a $100, 3-year, 5%, ordinary annuity and for the same annuity on an annuity due basis. With the annuity due, each payment is shifted back to the left by 1 year.
[image: image8.emf]
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(a)
Future value of ordinary annuity

FVA3 = 100 + 100 × (1 + 5%) + 100 × (1 + 5%)2
= 315.25

(b)
Future value of annuity due
FVAdue = 100 × (1 + 5%) + 100 × (1 + 5%)2 + 100 × (1 + 5%)3
= 331.01
From the above calculation, we can find that:

FVAdue = FVAordinary × (1 + r)

(c)
Present value of ordinary annuity

PVA3 = 
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= 272.32
(d)
Present value of annuity due
PVAdue = 
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 = 285.94

Similarly, we can find that:

PVAdue = PVAordinary × (1 + r)


1.7
Perpetuities
1.7.1
Some contracts run indefinitely and there is no end to a series of identical payments. Perpetuities are rare in the private sector, but certain government securities do not have an end date; that is, the amount paid when the bond was purchased by the lender will never be repaid, only interest payments are made.

1.7.2
For example, the UK government has issued Consolidated Stocks or War Loans which will never be redeemed.

1.7.3
The value of a perpetuity is simply the annual amount received divided by the interest rate when the latter is expressed as a decimal.

PV of perpetuity = 
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	1.7.4
	EXAMPLE 7

	
	If $10 is to be received as an indefinite annual payment then the present value, at a discount rate of 12%, is:

PV = 
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2.
Annual Percentage Rate
2.1
Sometimes you are presented with a monthly or daily rate of interest and wish to know what that is equivalent to in terms of annual percentage rate (APR) or effective annual rate (EAR).

	2.2
	EXAMPLE 8

	
	If m is the monthly interest or discount rate, then over 12 months:

(1 + m)12 = 1 + i, where i is the annual compound rate.

i = (1 + m)12 – 1

If a credit card company charges 1.5% per month, the APR is:

i = (1 + 0.015)12 – 1 = 19.56%

For daily rate: (1 + d)365 = 1 + i


	2.3
	EXAMPLE 9 – Frequency of compounding

	
	Suppose you plan to invest $100 for 5 years at a nominal annual rate of 10%. What will happen to the future value of your investment if interest in compounded more frequently than once a year? Because interest will be earned on interest more often, you might expect the future value to increase as the frequency of compounding increases.
The effect of frequent compounding:
Frequency of Compounding
Nominal Annual Rate
Effective Annual Rate
Future Value of $100 Invested for 5 years
Annual
10.00%
10.000%
$161.05
Semiannual

10.00%

10.250%

$162.89

Quarterly

10.00%

10.381%

$163.86

Monthly

10.00%

10.471%

$164.53

Daily

10.00%

10.516%

$164.86

APR or EAR = (1 + 
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Exercise
2.
What will a $100 investment be worth in three years’ time if the rate of interest is 8%, using (a) simple interest? (b) annual compound interest?

3.
You plan to invest $10,000 in the shares of a company.

(a)
If the value of the shares increases by 5% a year, what will be the value of the shares in 20 years?

(b)
If the value of the shares increases by 15% a year, what will be the value of the shares in 20 years?

4.
How long will it take you to double your money if you invest it at: (a) 5%? (b) 15%?
5.
A bank lends a customer $5,000. At the end of 10 years he repays this amount plus interest. The amount he repays is $8,950. What is the rate interest charged by the bank?
6.
If the flat (nominal annual) rate of interest is 14% and compounding takes place monthly, what is the effective annual rate of interest?
7.
What is the present value of $100 to be received in 10 years’ time when the interest rate is 12% and (a) annual discounting is used? (b) semi-annual discounting is used?
8.
How much must be invested now to provide an amount of $10,000 in six years’ time assuming interest is compounded quarterly at a nominal annual rate of 8%? What is the effective annual rate?

9.
Supersalesman offers you an annuity of $800 per annum for 10 years. The price he asks is $4,800. Assuming you could earn 11% on alternative investments would you buy the annuity?
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Where r = discount rate
n = number of periods until payment

Discount rate (r)

Periods
(n) 1% 2% 3% 4% 5% 6% 7% 8% 9% 10%
1 0:990 0-980 0971 0-962 0-952 0-943 0-935 0-926 0917 0-909 1
2 0-980 0-961 0-943 0:925 0-907 0-890 0-873 0-857 0-842 0-826 2
3 0971 0-942 0915 0-889 0-864 0-840 0816 0-794 0772 0-751 3
4 0-961 0:924 0-888 0-855 0-823 0-792 0763 0-735 0:708 0-683 4
5 0-951 0:906 0-863 0-822 0784 0-747 0713 0-681 0:650 0-621 5
6 0-942 0-888 0-837 0:790 0746 0-705 0:666 0-630 0-596 0-564 6
7 0-933 0-871 0-813 0:760 0711 0-665 0623 0-583 0:547 0-513 7
8 0-923 0-853 0-789 0731 0677 0-627 0-582 0-540 0-502 0-467 8
9 0914 0-837 0:766 0:703 0-645 0-592 0-544 0-500 0-460 0-424 9
10 0-905 0-820 0744 0-676 0614 0-558 0-508 0:463 0:422 0-386 10
11 0-896 0-804 0722 0-650 0-585 0-527 0:475 0:429 0-388 0-350 11
12 0-887 0-788 0-701 0-625 0:557 0-497 0-444 0-397 0-356 0-319 12
13 0-879 0-773 0-681 0-601 0-530 0-469 0415 0-368 0-326 0-290 13
14 0-870 0-758 0-661 0-577 0-505 0-442 0-388 0-340 0-299 0-263 14
15 0-861 0-743 0-642 0-555 0-481 0-417 0-362 0:315 0-275 0-239 15
(n) 11% 12% 13% 14% 15% 16% 17% 18% 19% 20%
1 0-901 0-893 0-885 0-877 0-870 0-862 0-855 0-847 0-840 0-833 1
2 0-812 0797 0783 0:769 0:756 0-743 0731 0-718 0:706 0-694 2
3 0731 0712 0-693 0675 0-658 0-641 0-624 0-609 0-593 0-579 3
4 0:659 0:636 0613 0-592 0:572 0-552 0-534 0-516 0-499 0-482 4
5 0-593 0:567 0-543 0519 0:497 0-476 0-456 0-437 0419 0-402 5
6 0:535 0-507 0-480 0-456 0432 0-410 0-390 0-370 0-352 0-335 6
7 0-482 0:452 0:425 0-400 0:376 0-354 0-333 0-314 0-296 0-279 7
8 0:434 0-404 0:376 0-351 0-327 0-305 0-285 0-266 0-249 0-233 8
9 0-391 0-361 0-333 0-308 0-284 0-263 0-243 0-225 0-209 0-194 9
10 0-352 0-322 0-295 0-270 0-247 0-227 0-208 0-191 0176 0162 10
11 0-317 0-287 0-261 0-237 0-215 0:195 0178 0162 0-148 0135 11
12 0-286 0-257 0-231 0-208 0-187 0-168 0-152 0137 0-124 0112 12
13 0-258 0-229 0-204 0-182 0163 0-145 0-130 0116 0-104 0:093 13
14 0-232 0-205 0-181 0-160 0-141 0:125 0111 0:099 0-088 0:078 14
15 0-209 0183 0-160 0-140 0-123 0-108 0-095 0-084 0-074 0-065 15
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